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1 Description of UQ Methods

Lightning UQ Box provides the most comprehensive collection of the extensive and versatile
landscape of UQ methods for DL. The following section gives an overview of these different
UQ methods, which are listed in Table [T} For comprehensive explanations, we refer to existing
reviews [1,[15].

For regression tasks DNNs fy : X — Y are trained to predict a continuous 1-dimensional target
y* € Y. Currently, the toolbox supports six classes of UQ methods for 1d regression: deterministic,
quantile, ensemble, Bayesian, Gaussian Process, and diffusion-based methods.

1. Deterministic methods: use a DNN, fy : X — P(Y), that map inputs x to the parameters of
a probability distribution fy(x*) = pe(z*) € P(Y'), and include methods like Deep Evidential
Regression (DER) [2] and Mean Variance Estimation (MVE) [44]]. The latter, for example, outputs

the mean and standard deviation of a Gaussian distribution f)1VE(2*) = (ug(z*), oo(2*)).

2. Quantile based models: use a DNN, fy : X — Y™, that map to n quantiles, fyp(z*) =
(q1 (), ..., qn(2*)) € Y™, and include Quantile Regression [30] (Quantile Regression) and the
conformalized version thereof (ConformalQR) [50]].

3. Ensembles: Deep Ensembles [33]], which utilize an ensemble over MVE networks.

4. Bayesian methods: aim to model a distribution over the network parameters and are commonly
used to approximate the first and second moment of a marginalized distribution. Here the network
parameters are modelled as random variables. Multiple principles and techniques to approximate
BNNs have been introduced. We include BNNs with Variational Inference (VI) (BNN VI
ELBO) [6]], BNNs with VI and alpha divergence (BNN VI) [[11]], Variational Bayesian Last Layers
(VBLL) [21]], MC-Dropout (MCDropout) [[13]], the Laplace Approximation (Laplace) [49][8]]
and SWAG [37] with partially stochastic variants [54]].

5. Gaussian Process-based methods: these model a joint distribution over a set of functions in a
data-driven manner that approximates the first and second moment of the marginalized distribution.
These include Deep Kernel Learning (DKL) [[61], an extension thereof Deterministic Uncertainty
Estimation (DUE) [57,[58]], and Spectral Normalized Gaussian Process (SNGP) [34].

6. Conditional Generative model: Classification and Regression Diffusion (CARD) [20].

For classification, the toolbox currently supports six classes of UQ methods. The DNN f§ : X —
CAT (c) is trained to predict a ¢ class categorical distribution. Vanilla softmax probabilities can be
directly used to obtain predictive uncertainties. However, they are often miscalibrated and have lead
to post-hoc recalibration methods being proposed [[18]. For most of the classification UQ methods the
entropy of the softmax values or predicted class wise probabilities is commonly used as a measure of
predictive uncertainty. Note that the entropy is maximal for a uniform distribution, which means that
each class is equally likely to be predicted.

1. Deep Ensembles (DeepEnsembles) [33]]: utilize an ensemble over independent standard classifi-
cation networks.

2. Bayesian methods: BNN VI ELBO [6]], VBLL [21], MCDropout [13]], Laplace [49][8],
SWAG [37]].

3. Gaussian Process based methods: model a distribution over functions that also approximate the
fist and second moment of the marginalized predictive distribution. DKL [61]], DUE [57] and
Spectral-normalized Neural Gaussian Processes (SNGP) [34].

4. Conformal Prediction: [50]], Regularized Adaptive Prediction Sets (RAPS) [3] based on conformal
prediction.

5. Other: Test-time Augmentation (TTA) [35]], Temperature Scaling [[18] which is based on a
post-hoc calibration of classifiers.

Additionally to the general purpose tasks of regression and classification, Lightning UQ Box
supports UQ methods for vision-specific tasks. These include segmentation and pixel-wise regression,
where an extensive overview of supported UQ methods can be found on our documentation page.



Table 1: The methods provided with Lightning UQ Box and other available frameworks and
reviews. The table represents the status at the time of publication and will be extended in the future.
All currently available methods can be found in the provided repository.

Publication

Category Method 0 B0 (2] 26 (33 @6 @) [z -ehtnine

UQ Box

Gaussian (MVE) v v
Deep Evidential Networks (DER)

v
Neural Network Ensembles ~ Neural Network Ensembles v v v v v v v v
v

MC Dropout (GMM) v v
BNN with VI ELBO

BNN with VI (alpha divergence)

VBLL

Laplace Approximation v
SWAG v v
DVI, SI
HMC

Radial BNN
Rank-1 BNN

Deep Kernel Learning (DKL)
Gaussian Process based Det. Unc. Estimation (DUE)
Spectral Normalized GPs (SNGP) v v

Quantile Regression (QR)
Conformal Prediction (CQR)

Diffusion Model CARD

RAPS
TempScaling v v

Deterministic Methods

ANEN
AN
NN
ENEN
NN NN ENENRN

Bayesian Neural Networks

AN

ENEN

ANEN
\

Quantile based

SN ENENN ENNEN

Post-hoc Calibration

2 UQ Methods Theory Guide

We define neural networks as a function from an input space X to a target space Y,
fo: X =Y €))

where 6 represent the network parameters that are optimized during the training procedure. These
parameters are optimized on a training dataset, that consists of n input-target pairs,

Dtrain - {(xza yi)}?:la (2)
and with respect to a given loss function
L:YxY =R 3)

The loss function usually is some score, measure or quantity describing how well the network’s
predictions fit the given targets.

Baselines:

For regression tasks simple baseline models give a prediction of the 1-dimensional target value for a
given input z*, evaluated based with the squared error loss,

L0, (z*,y")) = (folz*) —y")%, )

which is aggregated by the mean over batches.

For standard multi-class classification, baseline models predict vanilla soft-max probabilities
f§(x*) € CAT (c), where CAT (c) describes the space of categorical distributions over c classes.
Throughout this theory guide and where needed for clarification, we state networks that output a class
probability by f§. Further, we reference to the network output before the soft-max transformation as
the network logits, ly(z*), i.e. f§(a*) = softmax (lg(z*)).

The standard loss for classification is given by the standard Cross-Entropy,

L0, (z",y")) = —Zly; log (f5(x%)q) 5
g=1


https://github.com/lightning-uq-box/lightning-uq-box?tab=readme-ov-file#classification-of-uq-methods

where this applies to one-hot labels and the function 1, is given by

1 if yr=1
1y = 4 6
Ya {0 else. ©

Moreover, f§(z*), denotes the g-th component of f§(z*) € CAT (c), i.e., the predicted probability
for class ¢. Similar, y; denotes the g-th component of y* € CAT (c).

2.1 Deterministic UQ Methods

In the following we list the deterministic UQ methods considered in this work. These methods
provide UQ estimates within a single forward pass by predicting the parameters of a probability
distribution.

Gaussian/MVE: The Gaussian model for regression, also referred to as Mean Variance Estimation,
first studied in [44] and further used in [53], is a deterministic model that predicts the parameters of a
Gaussian distribution

fola®) = (no(x"), 00(x")) M

in a single forward pass, where standard deviations oy (z*) can be used as a measure of data
uncertainty. To this end, the network now outputs two parameters and is trained with the Gaussian
negative log-likelihood (NLL) as a loss objective [28], that is given by

1

£00.(a"57)) = 0 (2r0p(a" ) + sy (ola”) ~ ). ®

T2
Correspondingly, the model prediction consists of a predictive mean, ug(z*), and the predictive

uncertainty, in this case the standard deviation oy (z*).

Deep Evidential Regression (DER): DER [2] is a single forward pass UQ method that aims to
disentangle aleatoric and epistemic uncertainty. DER entails a four headed network output

fo(@™) = (yo(2™), vo(x7), g (™), By (27)). ©

These four outputs are used to compute the predictive t-distribution with 2«(x*) degrees of freedom,

[2]]:

p(y(a*) | fo () = Staay (or (y To(a).

Bo(z*)(1 + Ve(ﬂf*))) _ (10)

vg(z*)ap(z*)

In [2] the network weights are obtained by minimizing the loss objective that is the negative log-
likelihood of the predictive distribution and a regularization term. However, due to several drawbacks
of DER, [40] propose the following adapted loss objective that we also utilise,

(" —0(2"))?

L0, (@, y") = log o (@) + (1 + Ay (27)) =5 (11)
oy (*)
where 03 (2*) = Bp(2*)/vg(z*). The mean prediction is given as,
po(2”) = 7p(z"). (12)

Further following [40], we use their reformulation of the uncertainty decomposition. The aleatoric
uncertainty is given by

(13)

Ualeatoric (:17 * ) =



and the epistemic uncertainy by,

1
Uepistemic x*) = . (14)
pistemic (£”) )
The predictive uncertainty is then, given by
u(ac*) = \/uepistemic (x*)2 + Ualeatoric (-T*)Q . (15)

2.2 Ensemble Based UQ Methods

Deep Ensembles: As introduced in [33]], Deep Ensembles approximate a posterior distribution
over the model weights. For Deep Ensembles GMM, this is done with a Gaussian mixture model
over the output of separately initialized and trained networks. In [[60] the authors showed that Deep
Ensembles can be interpreted as a Bayesian method.

Deep Ensembles Regression: For regression the Deep Ensembles model predictive mean is given by
the mean taken over the outputs fp, (z*) of N € N baseline models with different weights {6;}¥ ;.
The weights are obtained by individually training N networks with the MSE aggregated over batches.
The weights of the ensemble members are in general different, as the loss objective is non-convex
with respect to the network parameters and due the stochasticity of gradient descent methods. The
ensemble prediction is given by,

1 N
z*) = v > fo. (). (16)
i=1

The predictive uncertainty is given by the standard deviation of the predictions of the N different
networks, the so called ensemble members,

N
o(z*) = j{j fo. (%) — u(a*)). (17)

Deep Ensembles GMM: For regression the Deep Ensembles GMM model predictive mean is given
by the mean taken over N € N models fy, (v*) = (g, (2*), 0o, (x*)) with different weights {6;}~ ,,

1 N
= > (o). (18)
=1

The predictive uncertainty is given by the standard deviation of the Gaussian mixture model consisting
of the N different networks, Gaussian ensemble members,

1 N N
0g(x") =\ | 37 D (o, (%) = g Z o, (2). (19)
i=1 i=1

Note that the difference between "Deep Ensembles” and "Deep Ensembles GMM" is that in the latter
we also consider the predictive uncertainty output of each individual ensemble member, whereas in
the former we only consider the means and the variance of the mean predictions of the ensemble
members.



Because each ensemble member has a probabilistic predictive distribution fy, (z*) =
(1o, (%), 09, (x*)), we can also perform a decomposition into epistemic and aleatoric components:

N
(kg (z*) — o, (a*))* (20)

Uepistemic ('T*) =

2=

s
Il
-

02 () . 1)

i

Ualeatoric (.’L‘* ) -

2| =

s
I
—

Deep Ensembles Classification: As introduced in [33], Deep Ensembles approximate a posterior
distribution over the model weights with a mixture model over the output of separately initialized and
trained networks. In particular, for classification the Deep Ensembles model prediction is chosen to
be the softmax of the class-wise mean over the N € N models’ logit predictions ly, (x*) € R (we
refer to logits as the model output before the soft-max activation), with different weights {6;}V |,

| X
p(x*) = softmax (N ; ly, (x*)) € CAT (¢). (22)

The loss is the standard Cross-Entropy as in (3). The predictive uncertainty is given by the standard
Cross-Entropy, yet the true labels in (3 are substituted by the network predictions.

Hyperparameter Overview for Deep Ensembles:

Summary of hyperparameters for the Deep Ensembles models
Hyperparameter value range | hints
Number of ensemble members | N ~ [5,20] | do an ablation study on V.

2.3 Bayesian UQ Methods

The general aim of Bayesian UQ methods is to obtain the predictive distribution by marginalization
over the model weights 6,

p(y*|e*, D) = / p(y* 2%, 0)p(6] D)db. 23)

The posterior distribution over the weights p(6|D) can be approximated by utilizing Bayes’ theorem
for

p(Y0, X)p(0)

p(0|D) = WVX)

(24)

or, for example, by a variational approach. However, the predictive distribution, (23), is usually
intractable and, in the following various approaches of approximation are presented (most of which
rely on sampling over the posterior).

MC-Dropout: Is an approximate Bayesian method with sampling. A fixed dropout rate p € [0, 1) is
used, meaning that random weights are set to zero during each forward pass with the probability p.
This models the network weights and biases as a Bernoulli distribution with dropout probability
p. While commonly used as a regularization method, [[13] showed that activating dropout during
inference over multiple forward passes yields an approximation to the posterior over the network
weights. Due to its simplicity it is widely adopted in practical applications, but MC-Dropout and
variants thereof have also been criticized for their theoretical shortcomings [24], [45].



MC-Dropout Regression: the MC Dropout model predicts a target value and a predictive uncertainty.
The target is predicted by the mean of m € N forward passes through the network f, o with a fixed
dropout rate p, resulting in masked weights {0;}7, = {6 o r}!"; with Bernoulli distributed mask r
with each entry samples form Ber(1 — p). The mean prediction is given by

Fo@) = =3 (o) @s)
i=1

The predictive uncertainty is given by the standard deviation of the predictions over m forward passes,

1 m
op(@”) = | = > (o (a*) = Fpla*)’. (26)

i=1
MC Dropout GMM: We also consider combining this method with the previous model Gaussian
network, as in [28]], aiming at disentangling the data and model uncertainties, abbreviated as MC
Dropout GMM. For the MC Dropout GMM model, the prediction again consists of a predictive mean
and a predictive uncertainty f,, g(x*) = (upo(z*), 0p,0(z*)). Here the predictive mean is given by
the mean taken over m forward passes through the Gaussian network mean predictions p,, 9 with a

fixed dropout rate p, resulting in different weights {6}, given by

m

1
prp (") = m Z fip,0, (7). 27
i=1

The predictive uncertainty is given by the standard deviation of the Gaussian mixture model obtained
by the predictions over m forward passes,

7o) = \| = D () = )+ D0 (), e8)

m <
i=1
A decomposition of uncertainty then can be performed in a similar way as to with deep ensembles.

MC Dropout Classification: For classification the MC Dropout model prediction is given by the
softmax of the class-wise mean over m € N forward passes through the network up until the the logit
output [j. with a fixed dropout rate p, resulting in different (masked) weights {6;}™,, given by,

=1

N
p(z™) = softmax (Jif ; lg, (x*)) € CAT (¢). (29)

The loss is the standard Cross-Entropy as in (5). The predictive uncertainty is given by the standard
Cross-Entropy, yet computed with respect to the predictions only that are substituted for the true
labels in (5).

Hyperparameter Overview for MC Dropout models:

Summary of hyperparameters for the MC Dropout models. The HP burn-in-epochs is only available for MC Dropout GMM.
Hyperparameter value range | hints

Number of burn-in-epochs | = [0,100] | after burn-in-epochs train variance and mean outputs.

Drop out rate p€[0,1) | start with p = 0.2.

BNN with VI ELBO: Bayesian Neural Networks (BNNs) with variational inference (VI) are an
approximate Bayesian method. Here, we follow the mean-field assumption, meaning that the
variational distribution is factorized as a product of individual Gaussian distributions. This results in
a diagonal Gaussian approximation of the posterior distribution over the model parameters



The most common approach is to maximize the evidence lower bound (ELBO). We note that there
are other, alternative approaches for variational inference, such as a-divergence minimization [23].

Uitilizing standard stochastic gradient descent by using the reparameterization trick [29]] one can
backpropagate with a necessary sampling procedure, a process called Monte Carlo variational Bayes
[48]].

The predictive likelihood is given by a factorized as a product of individual Gaussian distributions
per weight,

N N

p(Y10, X) = [ [ pwil6, z:) = [[ N (wil fo(:), ). (30)

i=1 i=1

The prior on the weights is given by,

L Vv Viei+1

p(0) =111 II N (wn

I=1h=1 j=1

0,4) €1y

where wy,;; is the h-th row and the j-th column of weight matrix 6, at layer index L and ) is the
prior variance. Note that as we use partially stochastic networks, (31) may contain less factors
N (wpj,1|0, \) depending on how many layers are stochastic. Then, the posterior distribution of the
weights is obtained by Bayes’ rule as

p(Y16, X)p(0)

p(0|D) = (32)
p(Y[X)
As the posterior distribution over the weights is intractable a variational approximation is used,
q(0) =~ p(0|D), (33)

that is a diagonal Gaussian. Now given an input z*, the predictive distribution can be obtained as

p(y*|2*, D) = / p(y*16, 2*)p(6]D)do. (34)

As ([B39) is intractable it is approximated by sampling form the approximation ¢(#) in (33) to the
posterior distribution in (32). The parameters of ¢(6) are obtained by maximizing the evidence lower
bound (ELBO) on the Kullback-Leibler (KL) divergence between the variational approximation and
the posterior distribution over the weights.

BNN with VI ELBO Regression: For regression, the negative ELBO is given by,

£00,(2*,")) = BDxe(aOlIp(0)) + 1 (210%) + 5 (fola) =) 39)
The KL divergence can be computed analytically in the case of a Gaussian prior. The hyperparameter
[ can be used to weight the influence of the variational parameters relative to that of the data.
Alternatively, in the case of a fixed dataset of size N this parameter is automatically set to % The
hyperparameter o can be either fixed or set to be an additional parameter to be tuned by including it
in the objective function Eq. (33), a process called type-II maximum likelihood.

The predictive mean is obtained as the mean of the network output fy with .S weight samples from
the variational approximation 65 ~ ¢(0),

1 S
Fn(@®) = 5> fo.(a). (36)
=1

]



The predictive uncertainty is given by the standard deviation thereof, including the (possibly estimated)
constant output noise o'

opla”) =

OJ\H

S
Z fo.(@*) = fn(2%))? + 0. (37)

If one uses the NLL and adapts the BNN to output a mean and standard deviation of a Gaussian
fo. (%) = (ug, (™), 00, (x*)), the mean prediction is given by

fnle®) = =3 o (). (38)

and the predictive uncertainty is obtained as the standard deviation of the corresponding Gaussian
mixture model obtained by the weight samples,

S
op(a*) = \| g D (o, (@) — Fnla))? + 33, (0). (9)
s=1

BNN with VI ELBO Classification: For classification the negative loss objective is given by,

L0, (z*,y")) = BDrc1(a(8)||p(9) Zl s log (f§ (%)) - (40)

The KL divergence can be computed analytically in the case of a Gaussian prior. The hyperparameter
[ can be used to weight the influence of the variational parameters relative to that of the data.
Alternatively, in the case of a fixed dataset of size N this parameter is automatically set to %

The prediction is obtained as the softmax of the mean of logit outputs [y with S weight samples from
the variational approximation 65 ~ ¢(0),

s
1
i (2) = softmax | < Z lo,(z*) | € CAT (c). (41)
The predictive uncertainty is given by the standard cross entropy:

op(x*) = = > Ly log (1, (%)) (42)

Hyper Parameter Overview for BNN with VI ELBO models:

Summary of hyperparameters for the BNN with VI ELBO models

Hyperparameter value range hints
Number burn-in-epochs ~ [0,n] after burn-in-epochs train variance and mean outputs.
Loss scale factor 3 B~ [100 500] should depend on parameter and train set size.

depending on network size and computing resources.
50] depending on network size and computing resources.

Samples during training S,
Samples during tests and prediction Sy,

Output noise scale o .0,5.0] depending on label noise.

Prior mean yu,, for stochastic parameters .0] start with 0.

Prior variance o), for stochastic parameters o, = [0,3.0] start with 1.0.

Mean initialization for posterior fi,,,. ppr = [0,1.0] approximate posterior over parameters

Variance initialization for posterior p,,,. ppr = [—6.0,0.0] variance through o = log(1 + exp(p)), approximate posterior over parameters
Bayesian layer type "flipout” or reparamelenmlion"

Stochastic module names list of module names or a list of module numbers | Transform module to be stochastic.

BNN+LV: BNNs with latent variables (LVs) extend BNNs with VI to encompass LVs that model
aleatoric uncertainty. The BNN+LV model is proposed in [[L1].



The likelihood is given by
K K
i=1 i=1

The prior on the weights by (31)) as for BNNs with VI. The prior distribution of the latent variables z
is given by

K
p(z) = [NV (zil0,7) (44)
=1

where 1y is the prior variance.

Then, with the assumed likelihood function and prior, a posterior over the weights 6 and latent
variables z is obtained via Bayes’ rule:

p(Y'10, z, X)p(0)p(2)

p(0,2|D) = (45)
AP =0
The approximate the posterior is given by
L Vv, Vit K
1011 ST P | AR B
l=1h=1 j=1 i=1
q(0) q(z)

Now the parameters mj,); ;v ; and m7, v7 can be obtained by minimizing a divergence between

p(0, z|D). Here the following approximation of the « divergence, as proposed in [23]] and [10], is
used,

S |0, %0, 20, )\
R I G N

n=1
where Z,, is the normalising constant of the exponential form of @6) and f(©) and f,(z,) are
functions depending on the parameters of the distributions (31)) and (44), see [10] for details. In order
to make this optimization problem scalable, SGD is used w1th mini- batches and the expectation over
q is approximated with an average over K samples drawn from gq.

The posterior predictive distribution is given by,
pnleeD) = [ | [Nt 20 S Gl0. ) 6. 2iD)a00 )

The network prediction fg(x,, 2.) uses z, sampled from the prior distribution N'(z,|0, 7) because
this is the only evidence we have about the latent variable for a new data point since all data points
are assumed to be independent. However, the above posterior predictive distribution is intractable
in this form. So instead we use sampling from the posterior distribution of the weights. The mean
prediction is then given by the mean prediction of samples and the predictive uncertainty is obtained
as standard deviation of samples from the approximation to ({8).

BNN VI Regression: The predictive mean is obtained as the mean of the network output fy with
S weight samples from the variational approximation 65 ~ ¢(6) and samples of latent variables

z NN<O?,)/)3

1 SK
—Kz_:kz_: (z*, z1). 49)

10



The predictive uncertainty is given by the standard deviation thereof, including the (possibly estimated)
constant output noise o'

1 S K
op(a") = \| gz D D o (@*,2) = funla*)) + 2. (50)

1:1 k=1

If one uses the NLL and adapts the BNN LV to output a mean and standard deviation of a Gaussian
fo.(z*, 2) = (po, (z*, 2), 09, (x*)), the mean prediction is given by

1 S K
F(a) = o D0 D o (2, 7). (51)

=1 k=1

and the predictive uncertainty is obtained as the standard deviation of the corresponding Gaussian
mixture model obtained by the weight samples and latent variable samples,

K S

o) = \| g D0 D (o, (% 24) — funla)) + 00 () (52)

1=1 k=1 s=1
Hyperparameter Overview for BNN LV:

Summary of hyperparameters for the BNN with LV model

Hyperparameter value range hints

Number burn-in-epochs ~ [0,n] after burn-in-epochs train variance and mean outputs.
Loss scale factor 3 B ~ [100, 500] should depend on parameter and train set size.
Samples during training .Sy, ~ [5,20] depending on network size and computing resources.
Samples during tests and prediction Sy, Ste & [5,50] depending on network size and computing resources.
Output noise scale o o~ [1.0,5.0] depending on label noise.

Prior mean yu, for stochastic parameters J1p ~ [0,1.0] start with 0.

Prior variance o), for stochastic parameters o, = [0,3.0] start with 1.0.

Mean initialization for posterior fi,,,. ppr = [0,1.0] approximate posterior over parameters

Variance initialization for posterior p,,,. ppr = [—6.0,0.0] variance through o = log(1 + exp(p)), approximate posterior over parameters
Prior mean for LV network usually 0.

Prior variance for LV network y=Vd d is dimension of inputs.

LV dimension d, = usually chosen as 1.

Bayesian layer type "flipout” or "reparameterization”

Stochastic module names list of module names or a list of module numbers | Transform module to be stochastic.

Laplace Approximation: Originally introduced by [36]], the Laplace Approximation has been
adapted to modern neural networks by [49] and [8]] and is an approximate Bayesian method. The
goal of the Laplace Approximation is to use a second-order Taylor expansion around the fitted MAP
estimate and yield a posterior approximation over the model parameters via a full-rank, diagonal
or Kronecker-factorized approach. In order for the Laplace Approximation to be computationally
feasible for larger network architectures, we use the Laplace library to include approaches, such as
subnetwork selection that have been for example proposed by [9].

The general idea of the Laplace Approximation to obtain a distribution over the network parameters
with a Gaussian distribution centered at the MAP estimate of the parameters [9]. In this setting, a
prior distribution p(#) is defined over our network parameters. Because modern neural networks
consists of millions of parameters, obtaining a posterior distribution over the weights 6 is intractable.
The LA takes MAP estimate of the parameters 0, 4 p from a trained network fo,, ,» () = po,, 45 (T)
and constructs a Gaussian distribution around it. The parameters 67 4 p are obtained by

Orrap = argminl(0; D), (53)

where £ is the mean squared error or also referred to as the ¢2 loss, L(0;D) :=
— > log(p(yi| fo(x;))) and the posterior predictive distribution

p(yil fo(x:i)). (54)

Then with Bayes Theorem, as in [9], one can relate the posterior to the loss,

11


https://aleximmer.github.io/Laplace/

p(O1D) = p(DI9)p(0)/p(D) = eap(~L(6; D)) 59)

with Z = [ p(D|0)p(#)d6. Now a second-order expansion of £ around 674 p is used to construct a
Gaussian approximation to the posterior p(6|D):

1
—E(G; D) ~ —E(QMAP;D) — 5(9 — QMAP)(Vgﬂ(H,D)\GMAp)(G — HMAP)- (56)

The term with the first order derivative is zero as the loss is evaluated at a minimum 6, 4 p [42], and,
further, one assumes that the first term is neglible as the loss is evaluated at § = 6,74 p. Then taking
the expontential of both sides allows to identify, after normalization, the Laplace approximation,

p(0)D) =~ N (O ap, ) with X = (V2L(0; D)|0pap) . (57)

As the covariance is just the inverse Hessian of the loss, with 0y, 4p € RY and H—! € RW*W,
with W being the number of weights, the posterior distribution is given by

p(0|D) ~ N (Opap, H™Y). (58)

The computation of the Hessian term is still expensive. Therefore, further approximations are
introduced in practice, most commonly the Generalized Gauss-Newton matrix [38]. This takes the
following form:

N
H=~H= >IN H, T, (59)
n=1
where J,, € RO*W is the Jacobian of the model outputs with respect to the parameters 6 and
H, € R9*9 is the Hessian of the negative log-likelihood with respect to the model outputs, where
O denotes the model output size and W the number of parameters.

Given (58) during inference on unseen data, one cannot compute the full posterior predictive distribu-
tion but instead resort to sampling 65 ~ p(6|D) for s € {1, ..., S} to approximate the predictions.

Laplace Approximation Regression: for regression the posterior predictive distribution (54) is
chosen to be a Gaussian with constant variance o2, such that the loss is the mean squared error and a
homoskedastic noise model is assumed. Then, the predictive mean is given by

S
e = =3 fo (@), (60)
s=1

]

and obtain the predictive uncertainty by

S
@) = | = 3 (fo (@%) — §a*)) + 2. 61)
s=1

Wl

For the subnet strategy, we include the options from the Laplace library for selecting the stochastic
parameters.

Laplace Approximation Classification: for classification the posterior predictive distribution (54) is
chosen to be a categorical distribution. The prediction of the Laplace Approximation classification
model is obtained as the softmax of the mean of logit outputs /g with S weight samples from the
approximation to the posterior distribution over the weights

S
Fn(2*) = softmax (; ; lo, (x*)) € CAT (). 62)
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The predictive uncertainty is given by the standard cross entropy:

op(z®) = — Z ]ly; log (fm(2*)q) - (63)
q=1

Hyper Parameter Overview for Laplace Approximation models:

Summary of hyperparameters for the BNN with VI model

Hyperparameter value range hints

Number burn-in-epochs ~ [0,n] after burn-in-epochs train variance and mean outputs.
Loss scale factor 3 B ~ [100,500] | should depend on parameter and train set size.
Samples during training Sy, St ~ [5,20] | depending on network size and computing resources.
Samples during tests and prediction S;. | S & [5, 50] depending on network size and computing resources.

SWAG: Is an approximate Bayesian method and uses a low-rank Gaussian distribution as an ap-
proximation to the posterior over model parameters. The quality of approximation to the posterior
over model parameters is based on using a high SGD learning rate that periodically stores weight
parameters in the last few epochs of training [37]. SWAG is based on Stochastic Weight Averaging
(SWA), as proposed in [25]. For SWA the weights are obtained by minimising the MSE loss with
a variant of stochastic gradient descent. After, a number of burn-in epochs, t =T — m, the last m
weights are stored and averaged to obtain an approximation to the posterior, by

T
1
Oswa = o Z 0. (64)
t=t

For SWAG we use the implementation as proposed by [37]. Here the posterior is approximated
by a Gaussian distribution with the SWA mean, (64) and a covariance matrix over the stochastic
parameters that consists of a low rank matrix plus a diagonal,

1
p(9|D) =~ N (QSWAa i(zdiag + 2lou}rank)) . (65)

The diagonal part of the covariance is given by

Ediozg = diag(é? - H%WA) (66)
where,
1 T
62 = — § 62, 67
mn t=t t ©n

The low rank part of the covariance is given by

T
1 _ _
Stow-rank = — > _(0: = 01)(0, = 01)", (68)

t=t

where 0, is the running estimate of the mean of the parameters from the first ¢ epochs or also samples.
In order to approximate the mean prediction, we again resort to sampling from the posterior (63).

SWAG Regression: with 8, ~ p(0|D) for s € {1, ..., S}, the mean prediction is given by

1 S
i@t =5 ) fo.(a"), (69)
s=1

©nl
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and obtain the predictive uncertainty by

S
(1) = | = 3 (fo () — ga%))" (70)

%)

SWAG Classification: with 6, ~ p(0|D) for s € {1, ..., S}, the prediction is given by

S
fm(z*) = softmax (; Z 1§, (x*)) € CAT (c). (71)
i=1

The predictive uncertainty is given by the standard cross entropy:

op(@*) = =D y; log (fm(a")q) (72)
q=1
For the subnet strategy, we include selecting the parameters to be stochastic by module names.

VBLL: variational Bayesian last layer is a Bayesian UQ method using the last layer neural network
component introduced in [21]]. The method uses a feature extractor gy : X — R4 with weight 6.

VBLL Regression: for regression VBLL models the output layer as a linear Bayesian layer,

y* = wlgo(x*) + e, (73)

where ¢ € N(0,%). Fixing an independent Gaussian prior, w ~ A (&, S), yields a predictive
posterior distribution for VBLL

p(y*|2*,60,0,5,%) = N(@" go(x¥), go (") " Sgo(a™) + X). (74)

The loss objective is given by

£(07 w? S7 E’ ('1:*7 y*))

1 1
= 2In (270 (z*)?) + 20 ()2 (whgo(z*) — y*)2 - §gg(x*)TSg9(:c*)Zfl. (75)
The mean prediction, is then given by
fo(a™) = w"go(a”). (76)
The predictive uncertainty is given by
o(z*) = go(z*)T Sgp(z*) + X. (77)

VBLL Classification: for classification VBLL models the logit output layer as a linear Bayesian
layer and the output as a categorical distribution. The predictive posterior distribution is given by

p(y*|z*,0,0) = softmax(z), (78)

with logits z = wge (z*) + €, where a Gaussian prior is defined for w ~ A (@, S). The loss objective
is given as
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1
L(0,w,S, %, (x*,y")) = y*ngg(x*) — LSE,, (wkng(:c*) + i(gg(x*)TSkgg(x*) + ai)) , (79)

where LSE(+) denotes the log-sum-exp function, with the sum over k. The prediction is given by
(78) and the uncertainty by the standard cross entropy.

SGLD: Stochastic gradient Langevin dynamics is an approximate sampling method, introduced in
[59]. The posterior distribution over the weights is sampled by sampling from the parameter updates
obtained by a variant of stochastic gradient descent. In SGLD Gaussian noise is injected into the
parameter updates, such that the parameters ¢ do not collapse to just the MAP solution. The proposed
update in [59] is

€ N &
Ab = é (V log p(6;) + o > Vlogp(xmﬂt)> + 1

i=1

Ne ~ N(Ov Gt)' (80)

After, a number of burn-in epochs, t =T — m, the last m weights are stored and averaged to obtain
an approximation to the posterior. The mean prediction is then obtained as for a weighted ensemble,

T
~ Zt:f €t fo, (l‘*)
Zthl €t

Another possibility is to resort to a simpler average as is usually done for MC sampling methods to
obtain the mean prediction,

(=) (81)

1 T
g(a*) = — > fo.(@"). (82)
t=t

The predictive uncertainty is then obtained as,

o(@*) = | = Y (fo,(a%) — gla*))*. (83)

2.4 Gaussian Process Based UQ Methods

Recap of Gaussian Processes (GPs): The goal of previously introduced methods was to find a
distribution over the weights of a parameterized function i.e. a neural network. In contrast, the basic
idea of a Gaussian Process (GP) is to instead consider a distribution over possible functions, that fit
the data in some way. Formally,

"A Gaussian process is a collection of random variables, any finite number of which have a joint
Gaussian distribution." [52]]

Precisely, a GP can be described by a possibly infinite amount of function values

such that any finite collection of function values f has a joint Gaussian distribution,

f:f(X):[f(xl)""vf(xK)]TNN<mX7K:X7X)7 (85)
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with a mean vector, (mx )i = m(z;), and covariance matrix, (Kx x)i; = k(x;, z;), stemming from
the mean function m and covariance kernel of the GP, k., that is parametrized by y. A commonly
used covariance function is the squared exponential, also referred to as Radial Basis Function (RBF)
kernel, exponentiated quadratic or Gaussian kernel:

ko (z,2") = cov(f(x), f(a")) = n” exp (—lx - x’IZ). (86)

Where v = (n?,1) and 2 can be set to 1 or tuned as a hyperparameter. By default the lengthscale
[ = 1 but can also be optimized over. Now the GP, f(x) ~ GP(m(z), k(x,z')), as a distribution
over functions can be used to solve a regression problem. Following [52], consider the simple
case where the observations are noise free and you have training data Dy,ain = {(7, y;)} Y, with
X = (z;), and Y = (y;)¥,. The joint prior distribution of the training outputs, Y, and the test
outputs f. = fi.(X.) = (f(ix))™, where X, = (z;)I", are the test points, according to the prior is

Kx.x Kx.x.

p(Y, f.) = N(o,

Here the mean function is assumed to be mx = 0 and Kx x, denotes the N x m matrix of the
covariances evaluated at all pairs of training and test points, and similarly for the other entries Kx x,
Kx, x. and Kx, x. To make predictions based on the knowledge of the training points, conditioning
on the prior observations is used and yields,

p(f*|X*,Xa Y) :./\/'(K:X*}XIC)_(,IXY, ICX*7X* - ’CX*,X*K)_(}XIC)QX*)
:N(m(X,X*,Y)J%X,X*)

Now to generate function values on test points, one uses samples from the posterior distribution
fe(Xs) ~ N(m(X, X.,Y), K(X, X.)). To illustrate how we can obtain these samples from the
posterior distribution, consider a Gaussian with arbitrary mean m and covariance K, i.e. f, ~

N (m, K). For this one can use a scalar Gaussian generator, which is available in many packages:

1. Compute the Cholesky decomposition of K = LL”, where L is a lower triangular matrix.
This works because K is symmetric by definition.

2. Then, draw multiple u ~ N(0, ).
3. Now, compute the samples with f, = m + Lu. This has the desired mean, m and covariance
LE(uu®)LT = LLT = K.

The above can be extended to incorporate noisy measurements y — 4 + e, see [32], or noise on the
inputs as in [27]. Both of these extensions require tuning of further hyperparameters, yet beneficially
allow to incorporate a prediction of aleatoric uncertainty in a GP.

For example, assume additive Gaussian noise on the distribution of the function values,

ply(@)|f(2)) = N (y(2); f(x),0?). (88)
Then the predictive distribution of the GP evaluated at the K, test points, X, is given by
p(flXs, XY, 7,0%) = N(E[f],cov(f.)) , (89)

E[f.) =mx, + Kx, x[Kxx +0*1]7'Y,
cov(fi) = Kx, x. — ICX*7x[]CX7X + 0'21]71]CX,X* .

Here mx, is the K, x 1 mean vector, which is assumed to be zero in the previous case.

In both cases, with and without additive noise on the function values, the GP is trained by learning
interpretable kernel hyperparameters. The log marginal likelihood of the targets y - the probability of
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the data conditioned only on kernel hyperparameters y - provides a principled probabilistic framework
for kernel learning:

log p(ylv, X) o< = (y " (Ky + 0°1) "'y + log |K,, + 0*1]) (90)

where KC,, is used for x x given . Kernel learning can be achieved by optimizing Eq. (90) with
respect to .

The computational bottleneck for inference is solving the linear system (Kx x + o2I) ™'y, and for
kernel learning it is computing the log determinant log |K x x + o2I| in the marginal likelihood. The
standard approach is to compute the Cholesky decomposition of the K x K matrix Kx, x, which
requires O(K?) operations and O(K?) storage. After inference is complete, the predictive mean
costs O(K), and the predictive variance costs O (K ?), per test point .

Deep Kernel Learning Regression: Conceptually DKL consists of a NN architecture that extracts a
feature representation of the input x and fits an approximate GP on top of these features to produce a
probabilistic output [61]]. DKL combines GPs and DNNs in a scalable way. In practice, all parameters,
the weights of the feature extractor and the GP parameters are optimized jointly by maximizing
the log marginal likelihood of the GP. We utilize GPytorch for our implementation [14] and use
a grid approximation where we optimized over the number of inducing points. For DKL the GP
is transformed by replacing the inputs x by the outputs of a NN in the following way. The kernel
k~(z, 2") with hyperparameters 6 is replaced by,

k"/(‘rax/) — k’y(g(xaa)ag(x/70))7 (91)

where g(z, ) is a non-linear mapping given by a deep architecture, such as a deep convolutional
network mapping into a feature space of dimension .J, parametrized by weights 6,

g(-,0): X - R/
x— g(z,0). 92)

This so called deep kernel in (91)) is now used as the covariance function of a GP to model data
D = {w;,y;}},. The deep kernel hyperparameters, p = {7,0, 02}, can be jointly learned by
maximizing the log marginal likelihood of the GP (93).

L=1logp(Y|7,X,0) < — (y" (Ky+0°I) 'y +log|K, ¢+ 0%, (93)

Except for the replacement of input data, one can almost follow the same procedures for learning and
inference as for GPs as outlined previously. For optimizing the chain rule is used to compute
derivatives of the log marginal likelihood with respect to the deep kernel hyperparameters as in [61].

Exact inference is possible for the regression case, yet the computational complexity scales cubically
with the number of data points and makes it not suitable for large datasets. Thus, following [57] in
the implementation the sparse GP of [56] and the variational approximation of [22] is used, in order
to allow for DKL to scale to large training datasets. The sparse GP approximation of [56] augments
the DKL model with M inducing inputs, Z € RM*7 where .J is the dimensionality of the feature
space, as in (92). Moreover, to perform computationally efficient inference we use the the variational
approximation introduced by [22f, where inducing points Z are treated as variational parameters. U
are random variables with prior

p(U) =N({Ulmz,Kzz2), 94)
and variational posterior
q(U) = N(U|m,9), (95)

where m € RM and S € RM*M are variational parameters and initialized at the zero vector and the
identity matrix respectively. The approximate predictive posterior distribution at training points X is
then

p(fIY) = a(f) = / p(f10)q(U)dU (96)
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Here p(f|U) is a Gaussian distribution for which we can find an analytic expression, see [22]] for
details. Note that we deviate from [22] in that our input points X are mapped into feature space just
before computing the base kernel, while inducing points are used as is (they are defined in feature
space). The variational parameters Z, m, and .S and the feature extractor parameters § and GP model
hyparparameters -, given by [ and 7%, and o2 are all learned at once by maximizing a lower bound
on the log marginal likelihood of the predictive distribution p(Y|X), the ELBO, denoted by L. For
the variational approximation above, this is defined as

N

log(p(Y'|X)) > L(Z,m,5,7,6,0%) = Y Eqys) llog p(yilf ()] = BDxe(a(U)l[p(V)).  ©O7)
i=1

Both terms can be computed analytically when the likelihood is Gaussian and all parameters can be
learned using stochastic gradient descent. To accelerate optimization gpytorch additionally utilizes
the whitening procedure of [39] in their Variational Strategy. The approximate predictive posterior
distribution at test points X * is then

p(LIY) = q(f.) = / ([ |U)g(U)dT (98)

For regression tasks we directly use the function values f, above as the predictions. We use the mean
of p(f«|Y) as the prediction, and the variance as the uncertainty.

DKL Classification: For DKL Classificiation the likelihood is replaced wth the softmax (multiclass)
likelihood, which is also used used for GP classification. The model head is formed of an independent
approximate GP for each output dimension, see [S7]. The predictions are obtained by approximating
the posterior over the class probabilities. See the appendix in [57] for an overview.

Deterministic Uncertainty Estimation (DUE) - extension of DKL

Algorithm 1 Algorithm for training DUE [57]]

1: Definitions:
- Residual NN gy : z — R” with feature space dimensionality J and parameters 6.
- Approximate GP with parameters p = {~, 02, w}, where v = {l,n} and [ length scale and 7
output scale of k., w GP variational parameters (including m inducing point locations Z)
- Learning rate ¢, loss function £ -
2: Using a random subset of p points of our training data, X™" C X, compute:
Initial inducing points: K-means on gg(X™™') with K = m. Use found centroids as initial
inducing point locations Z in GP.
Initial length scale: N N
L=y X0 Sl a0 (X) — g9 (X)L
. for minibatch xp, v, C X, Y do
0" + spectral_normalization(6)
p(yplap) < evaluate_GPy(go (x))
L < ELBOg (p(y|s), ys)
(p’ 9) A (p, 0) +(* Vp,QE
: end for

A A

DUE builds on DKL by using the same model except for exchanging the feature extractor of the
DKL model. With this replacement DUE addresses limitations of DKL and provides potentially
robust uncertainty estimates. According to [57]] with DKL, data points dissimilar to the training data
(also called OOD data) can potentially be mapped close to feature representations of in-distribution
points. These feature representations, which are close in some norm, input into the approximate
GP yield similar or nearly the same predictions. This is called "feature collapse”, and suggests
that a constraint must be placed on the deep feature extractor. Based on deterministic uncertainty
quantification (DUQ) [58]] and spectrally normaplized GPs (SNGP) [34], the authors of [S7] propose
to use a bi-Lipschitz constraint on a feature extractor. This bi-Lipschitz constraint is enforced by
spectral normalization on the weights, [41,[17]]. This constraint mitigates so-called "feature collapse",
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by forcing the feature representation to be sensitive to changes in the input (lower Lipschitz, avoids
feature collapse) but also generalize due to smoothness (upper Lipschitz).

For convolutional and linear layers following [57], we use spectral normalization of the weight
matrices to promote approximate bi-Lipschitz continuity. To promote spectral normalization for fully
connected layers and 1 x 1 convolutions online power iteration are used and for larger convolutions
an approximate method, as proposed in [[17] and was first implemented by [S], is used. Spectral
normalization is also extended to batch normalization by rescaling the weights, see [57]] for details.
Adding spectral normalization to batch normalization layers makes it more likely that the entire
network’s upper Lipschitz constant is bounded. The mean prediction and predictive uncertainty are
obtained as for DKL for both the classification and regression tasks.

Summary of learnable parameters:

 weights of DNN feature extractor 6

« for the GP, parameters +: noise hyperparamter o2, the GP function mean m, the length scale
of the GP kernel [ and the scale of the kernel 2. In the above case the GP hyperparameters
are learned by optimizing ELBO.

Summary of hyperparameters:

* number of power iterations for spectral normalization, usually set to r = 1

* number of initial inducing points M

2.5 Quantile Based UQ Methods

Quantile Regression (QR): The goal of Quantile Regression is to extend a standard regression
model to also predict conditional quantiles that approximate the true quantiles of the data at hand.
It does not make assumptions about the distribution of errors as is usually common. It is a more
commonly used method in Econometrics and Time-series forecasting [30]].

In the following we will describe univariate quantile regression. Any chosen conditional quantile
a € [0, 1] can be defined as
¢o(z) :=inf{y e R: F(y|X =z) > a}, (99)

where F(y|X = z) = P(Y < y|X = z) is a strictly monotonic increasing cumulative density
function.

For Quantile Regression, the NN fy parameterized by 6, is configured to output the number of
quantiles that we want to predict. This means that, if we want to predict p quantiles [aq, ...,

fo(@e) = (G1(27), oo, Gn(27))- (100)

The model is trained by minimizing the pinball loss function [30], given by the following loss
objective,

Li(0, (2", y")) = max{(l — ;) (y" — §s(2")), (y” — Gs(2")) }- (101)

Here i € {1, ...,n} denotes the number of the quantile and 100¢; is the percentage of the quantile for
a; € [0,1). Note that for « = 1/2 one recovers the ¢! loss. During inference, the model will output
an estimate for the chosen quantiles and these can be used as an indication of aleatoric uncertainty.

Conformalized Quantile Regression (CQR): Conformal Prediction is a post-hoc uncertainty quan-
tification method to yield calibrated predictive uncertainty bands with proven coverage guarantees
[4]. Based on a held out calibration set, CQR uses a score function to find a desired coverage quantile
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G and conformalizes the QR output by adjusting the quantile bands wirh ¢ for an unseen test point as
follows x,:

T({E*) = [ga/Q(x*) - (jv Ql—a/Q(‘r*) + Cj] (102)

where 7, /2(,) is the lower quantile output and §; _/2(7,) is the higher quantile output and « is
the desired miscoverage rate [S0].

2.6 Diffusion Based UQ Methods

CARD: The classification and regression diffusion (CARD) models, as introduced in [20], combine a
denoising diffusion-based conditional generative model and a pre-trained conditional mean estimator
in order to obtain a predictive distribution given an input. Given a target y* and input z* CARD
utilizes a series of intermediate predictions y;.7 for a number of steps 7' € N. The parameters of the
diffusion-based conditional generative model are obtained by optimising the following objective

Lerpo(y™, ") = Lo(y*, ") + XT: Lia(y",z) + Loy, %), (103)
t=2
where the individual terms are given by
Lo(y",2") = Eq [~ log(pe(y”|y1, v)] (104)
Li1(y™, 2") = Eq [Dxe(q(ye—11yt, Yo, ©)|[po (ye—1yz, )] (105)
Lr(y*, ) = Eq [Dxe(a(yrl; yo, 2)lIp(yr|z))] (106)

and the predictive distribution p(yr|x) is obtained by a MAP estimate, in our case the deterministic
base model,

p(yTlm) :N(feMAP(‘T)v]I)~ (107)

Following [47]] the forward process of conditional distributions with a diffision schedule (3;)%_; €
(0,1)7 is defined such that a closed-form solution exists,

p(yt|yt—1>f9MAp(CU)) :N(yt7 V 1—- Btyt + (1 -V 1- 5t)f9MAP ($>75tﬂ)7 (108)

this admits a closed form and non-iterative solution at each time step ¢ € {1, ..., T},

P(yt\ym fOMAP (I)) = N(yt; \/ayt + (1 - \/Et)fgj\lAP (:C)a 5t]1)’ (109)

with o, = II!_ (1 — /3;). For regression the goal is to reverse the above diffusion process to recover
the distribution of the noise term and, hence, obtaining the aleatoric uncertainty of the second moment
predictive distribution p(y|z). For this a neural network g is trained that given a sample y; predicts
the corresponding noise € ~ €y (, Y+, fo,, 4 (), t). The predictive mean and uncertainty, in terms of
standard deviation, is obtained by moment matching with the predictive samples yq approximating
the labels y*.
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2.7 Post-hoc methods

RAPS: As introduced by [3] is a a posthoc conformal method referred to as Regularized Adaptive
Prediction Sets (RAPS). RAPS is based on conformal prediction and can be used to adapt
classifiers to output a predictive set containing the true label with a user-specified probability,
such as 90% which then is true on average given some assumptions. Three desiderata, firstly,
coverage desideratum says the sets must provide 1 — « coverage, secondly, the size desideratum
says we want sets of small size, since these convey more detailed information and may be
more useful in practice and, thirdly, adaptiveness desideratum says we want the sets to commu-
nicate instance-wise uncertainty: they should be smaller for easy test-time examples than for hard one.

Algorithm 2 RAPS Conformal Calibration

Input: ;s € [0,1]™*K, I e {1,..., K}"*K and y € {0, 1, ..., K}" corresponding respectively to
the sorted scores, the associated permutation of indexes, and ground-truth labels for each of n
examples in the calibration set; kreq; A; boolean rand

1: procedure RAPSC(«v,s,1,y,\)
2 forie {1,---,n}do
3 L; < jsuchthat I; ; = y;
E; + Eﬁ’;lsi,_i + /\(La — kreg)+
if rand then
U ~ Unif(0,1)
Ez' < Ez —U % Si,L;
Tecar 4 the [(1 — @)(1 + n)] largest value in {F;}7_,
return 7..q
Output: The generalized quantile, Teeq > The value in Eq. (3)

R R AR A

Figure 1: RAPS Conformal Calibration Algorithm. Figure from [3].

RAPS has three main steps. First, for a feature vector x, the base model computes class probabilities,
and we order the classes from most probable to least probable. Then, we add a regularization term
to promote small predictive sets. This algorithimic procedure is shown in Figure [I] Finally, we
conformally calibrate the penalized prediction sets according to the algorithmic procedure in Figure
[]and, thus obtaining the marginal covergae guarantee on future test sets [3].

Algorithm 3 RAPS Prediction Sets

Input: «, sorted scores s and the associated permutation of classes [ for a test-time example, Teeqr
from Algorithm 2, ky.¢q, A, boolean rand
procedure RAPS(ov, 5, I, Tecaly Kreg, A, rand)

1:
2 L |{ed : B si+ AT = kreg)” < Fecat} | +1
3

if rand then
4: U + Unif(0,1)
5 L+ L— ]I{(Ef:]si + ML = kreg) ™ — Fecat) /(51 + AL > kpeg)) < U}
6: return C = {Il, ...IL} > The L most likely classes
Output: The 1 — o confidence set, C > The set in Eq. (4)

Figure 2: RAPS Prediction Sets Algorithm. Figure from [3].

Temperature Scaling Temperature scaling optimizes the logits temperature value 7 > 0 to calibrate
the confidence of a classification model predictions. The temperature describes the scaling of the
logits and is considered as 7 = 1 during the training procedure. After the training, the scaling of the
logits can reduce over- or underconfidence, by adjusting the absolute difference between the logit
values before the softmax operation is applied.

For this we consider a calibration set Dy = {@n, ym}fg:l and the cross-entropy loss Lcg, which
was also used in the training,
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_ l@ (ac)
7" = arg 1711>151 Z Lce (softmax < - > ,y) .

(z,9)€Dcar

Depending on the data set size, the temperature scaling is also performed on mini-batches.

2.8 Partially Stochastic Network Strategies

In order to adapt the Bayesian UQ methods to large EO data sets, we support partially stochastic
NN following the approach presented in [54]]. In [54]] the authors demonstrate experimentally and
theoretically that partially stochastic networks can also approximate predictive distributions. There
are multiple ways to obtain partially stochastic networks. For the Laplace Approximation and SWAG
methods, we use a two-stage training. First, all parameters are obtained by a MAP estimate. Then,
in the second training stage the stochastic parameters are obtained. For BNN with VI ELBO and
BNN+LV we use joint training, where the stochastic and deterministic parameters are learnt jointly
by maximising the evidence lower bound or the so called a-divergence, [11]].
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Figure 3: Visualization of partially stochastic networks. Figure from [54].

3 Additional Information on Metrics

Regression tasks are commonly evaluated by accuracy metrics such as Root Mean Squared Error
(RMSE) or coefficient of determination, R2. A better quality of prediction is indicated by a lower
RMSE and MAE and a R? score close to 1.0. However, these measures only characterize the error
between point predictions and available targets. When considering UQ methods, we therefore need
additional metrics in the form of proper scoring rules [16]] which do not ignore predictive uncertainty.
In particular, we consider the negative log-likelihood (NLL) of a Gaussian as a proper scoring rule,
[16]. Moreover, we consider calibration as introduced in [31]]. As neither the NLL or calibration are
sufficient to verify a useful forecast since a model with large predictive uncertainties can be well
calibrated and obtain a sufficient NLL, we additionally consider sharpness, which measures the mean
of the predictive uncertainties. We use [[7]] for metric computation and some plots.

The RMSE is computed between the targets y = (y;)Y.; and the mean model predictions f(z) =
(f(x;))X, for N samples as

N
RMSE(f(z),y) = Z ) = i)2. (110)

The MAE is computed as

N
MAE(f( Z (111)



The R? is computed as

N 2:) — N2
R2:R2(f(x),y):1— Zz:l(f( z) yz) . (112)

S8, (f) - &S0 )

However, these measures only characterize the error between point predictions and available targets.
In order to compare the predictive uncertainties to the target distribution, we need additional metrics,
such as proper scoring rules [16]]. We consider the NLL of a Gaussian as a proper scoring rule [16].
We also report the miscalibration area, where a lower miscalibration area indicates a better fit of the
predictive uncertainties to the true target distribution. To quantify the overall confidence of a model
in a single metric, we consider sharpness which computes the mean of the predictive uncertainties.
We use [[7]] for computing these metrics.

The NLL is computed between the targets y = (y;)2; and the mean model predictions f(z) =
(f(x;))X, and predictive uncertainties o (z) = (o (z;))¥_; for N samples as NLL is computed as

1
20 (x;)?

1L /1 ) 5
NLL((fa). o)) = ¢ 3 (510 (ro(e?) + 5w (e -0 ). 1

Additional we consider the scoring rule of the Continuous Ranked Probability Score (CRPS), which
for single sample and a predictive distribution that is Gaussian is given by

crps(N (p, o), y) = —a(y;”(m(y;”) —1) +2¢(y;“) - \/1%> (114)

where @ is the cumulative density function and ¢ probability distribution of A/(0,1). Then, we
compute the average sum over all predictions and labels, where fg(x7) = (u(x}), o(x})), which
gives the reported CRPS,

N*
1 * *
CRPS = N i:ZlCTPS(fG(%),yi)- (115)

The miscalibration area is computed based on [7] and is identical to mean absolute calibration error,
however the integration here is taken by tracing the area between curves.

The sharpness is computed as

sharpness(o(z)) = (116)

Another key aspect for assessing the reliability of uncertainty estimates is calibration. Calibration
refers to the degree to which a predicted distribution matches the true underlying distribution of the
data. The mean absolute calibration error, (MACE), gives the mean absolute error of the expected
and observed proportions for a given range of quantiles.
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